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We investigate the dynamics for a two level atomic system entangled to coherent states using the
recently developed mode invisibility technique. Using a quantum 2-level probe, we demonstrate a
way to non-destructively measure a number of properties between a qubit entangled with a gener-
alized CAT state, including the amplitude of the coherent state, the location and relative excitation
of the qubit, and the von Neumann entropy. Our results indicate a connection between this last
quantity and the interferometric phase shift of the probe, thereby suggesting a possible way to
experimentally measure entanglement non-destructively.
I. INTRODUCTION
Quantum mechanics admits a host of states, such as
those involving the coherent superposition of two or more
macroscopically separated localized states that do not
exist in classical physics. This perplexing situation has
troubled scientists since the earliest days of quantum
physics, and for decades remained out of the reach of ex-
perimentalists to actively probe. However over the past
decade or so it became possible to construct quantum
superpositions of mesoscopic field states trapped in one
or more cavities, rendering this phenomenon open to em-
pirical study [1]. Several models have been proposed [1–
4] as to how to both generate and detect so-called ‘cat’
states, namely a superposition with equal probabilities of
two coherent states with different complex amplitudes.
In one of these proposals [1], two single two-level atoms
(whose states are |g〉, |e〉) were used, one for creating the
cat state and the other for detecting the interference. For
carefully selected atomic velocity and frequency, the first
atom in the state (|e〉 + |g〉)/√2, was made to interact
non-resonantly with a coherent field |α〉 [5] suspended in
a superconducting cavity, thereby forming the combined
state
1√
2
(
|g, α〉+ |e,−α〉
)
(1)
called a Bell-Cat state [6].
The entangled state (1) can be probed and/or manip-
ulated by sending a second atom into the cavity. In the
scheme discussed above [1], it is possible to generate a cat
state 1/
√
2(|α〉 ± |−α〉) by subjecting the atomic states
|e〉, |g〉 to a desirable frequency. A cat state is easily
distinguishable from a statistical mixture via its coher-
ence terms. However these coherence terms are easily
lost to the environment and one observes a decay of the
cat state to a statistical mixture. Indeed, the coherent
control of such mesoscopic systems, and harnessing their
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quantum interference or entanglement against the detri-
mental effects of the environment is a major issue [1, 7, 8]
with implications not only for the foundations of quan-
tum mechanics but also for quantum computing, quan-
tum simulations of many-body systems, cryptography,
and quantum metrology.
In this paper we consider a more general and complex
quantum state of the form
|ψ〉 = A|g, α〉+B|e, β〉, (2)
produced in the cavity; A and B are real coefficients
that characterize the atom-field entanglement while |α〉
and |β〉 are arbitrary coherent states. We do not subject
the atom in this entangled state to further measurement
but rather send in a second atom to probe the entangled
atom-field system.
In this setting, one can ask a broader range of ques-
tions. Can one experimentally detect and quantify the
atom-field entanglement in a non-destructive way? How
much information about the joint state do we have?
What is the entropy of entanglement associated with this
system? A key aim of this paper is to provide answers to
these questions.
Different methods have been proposed for detecting
entanglement [6, 9–12]. The most popular approach to
the problem of detecting the presence of entanglement
in “Bell-cat states” is based on violation of Bell-type in-
equalities [6]. One can also perform complete quantum-
state tomography [13]. However these methods are not
only a destructive process, but also pose both funda-
mental and technical challenges. Another method entails
measuring entanglement witnesses. This is efficient, but
not universal and requires information about the state
prior to its measurement [14, 15].
Both theory and experiment have progressed to a point
where, by trapping electromagnetic (EM) fields in a
highly reflective cavity and using appropriate detectors
as probes in an interferometric setting, many quantum
non-demolition measurements can be achieved to con-
siderable precision [4, 10, 16, 17]. To define a quantum
non-demolition (QND) measurement scheme [18], physi-
cal states of the EM field are left significantly unaffected
after the measurement process and information acquired
from the state is large enough to enable repetitive mea-
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2surements [17, 19, 20].
We consider here a scheme that detects the general
state of the form in (2). Our aim is to acquire signif-
icant information from this detection whilst negligibly
perturbing the entangled atom-field state. Specifically
we shall consider the mode-invisibility measurement tech-
nique [19, 20] – a QND measurement scheme with sev-
eral advantages. It leaves a given quantum system al-
most completely unperturbed after measurement. Mea-
surement can therefore be repeated on the same quan-
tum system since a first measurement leaves the system’s
state significantly unperturbed, and so can yield a large
amount of information about a system.
We will investigate the applicability of the mode in-
visibility scheme to measure the relevant features of the
entangled state (2). We assume that we have no infor-
mation about the state’s entanglement or alternatively
partial information about the features (amplitude and
phase) of the coherent field states |α〉 and |β〉 and will
investigate to what extent we can obtain this information
without significantly perturbing the quantum state.
We begin in section II with a brief review of the mode-
invisibility measurement scheme [19]. To obtain infor-
mation about the entangled state, we need to suspend
it in a single mode of a highly reflective cavity [3] and
use a detector to probe the occupied cavity mode. This
detector-cavity mode interaction and various measure-
ment criteria for the cavity mode is dicussed in section
III. A detector that interacts with the field in the cavity
will, via the mode invisibility technique, acquire a global
phase factor that carries information about the cavity
content. To measure this phase factor, one needs to de-
fine an appropriate reference state. In section IV, we
consider how the global phase from the detector-cavity
mode interaction can be measured and we also charac-
terize the information content of the constituents of the
entangled state (2). We consider in section VI the phase
resolution and interferometric visibility under the con-
dition that the measurement process is non-destructive.
We summarize our results in a concluding section.
II. BRIEF REVIEW OF THE
MODE-INVISIBILITY MEASUREMENT
SCHEME
Here we give a review of the mode invisibility technique
(for a detailed explanation, see [19]) . The measurement
setup is an atom interferometer (a type of Mach-Zehnder
interferometer) which consists of two highly reflective op-
tical cavities of length L, each placed along the distinct
branches of the atomic interferometer. An unknown field
state (whose properties we want to measure) is stored
in one of the cavities, while a reference quantum sys-
tem (whose properties we know) is stored in the second
cavity. To probe the unknown state we employ a detec-
tor (or probe) modelled as a two-level Unruh de Witt
detector[21–23]. The detector enters the atom interfer-
FIG. 1. (Color online): Scheme of an atom in its ground
state |g〉 going through a cavity at constant speed. The cav-
ity modes are in a state |nα〉⊗β 6=α |0β〉. Atoms resonant with
even modes preserve our approximation (6) and acquire a sig-
nificant global phase.
ometer at constant velocity v = L/t , where t is the
interaction time. As it makes its way into the atomic
interferometer, it splits into a superposition of two par-
tial beams, each part propagating along the branches of
the interferometer and interacting resonantly with the
respective cavity contents along the super-posed trajec-
tories.
When a detector interacts on resonance with the cav-
ity mode, it does so strongly, in general altering the field
state[24]. Such an interaction enables one to gain sig-
nificant information about the field (in a case where the
atom is used as a detector to probe a field trapped in a
cavity). On the other hand, a strong interaction leads
to alteration of the cavity mode thereby jeopardizing the
QND measurement criteria. One needs therefore a sce-
nario where the alteration in the cavity mode is mini-
mized whilst permitting acquistion of information.
Mode-invisibility exploits the fact that the spatial sym-
metry of the even field modes in a cavity effectively can-
cels the action that an atomic probe transversing the
cavity at constant speed exerts on the field. This is illus-
trated in figure 1, which shows the motion of the probe
qubit through the cavity. When the probe interacts only
with the even modes of the cavity ( dotted line ), the
changes caused by its interaction during the first half
of its motion through the cavity x ∈ [0, L/2] are un-
done as it travels through the second half of its motion
x ∈ [L/2, L] and exits the cavity [25–27]. This is possible
because the effective sign of the coupling to the cavity (λ
times the spatial distribution of the mode) reverses half
way through the flight path of the atom. This will have
the advantage that we can cancel out the leading order
contribution to the transition amplitude for the field and
the detector while keeping constant the leading order in
the phase shift.
3III. MODE INVISIBILITY AS A PROBE OF
ENTANGLED QUBIT-CAT STATES
We next turn our attention to entangled qubit-cat state
measurements. Our interest is in characterizing the en-
tangled state (2). In other words we want to (non-
destructively) acquire information about the parameters
A,B, α and β, where α = |α|eiθ and β = |β|eiφ defines the
complex amplitude of the coherent field states {|α〉, |β〉}
respectively. We shall choose θ = −φ throughout in order
to obtain a Cat state in the limit |β| → |α|. As discussed
earlier, the probe is modelled as an Unruh de-Witt de-
tector [22] prepared initially in its ground state so that
at time t = 0
|ψ(0)〉 = |gp〉
(
A|gq〉|ακ〉+B|eq〉|βκ〉
)⊗
κ6=ς
|0ς〉. (3)
The subscript q denotes the qubit that is entangled with
the field state; we refer to this as the cavity-qubit so as
to distinguish it from the state of our probe which will be
given the subscript p. We have assumed that the coherent
field states |ακ〉 and |βκ〉 are trapped in the cavity mode
κ having frequency ωκ = ckκ with kκ = κpi/L being the
wave number, while the rest of the cavity modes are less
occupied (approximately vacuum). Here c is the speed of
light.
Now we want to estimate the dynamics of the com-
bined system from a given time t = 0 to t = T > 0
where T = L/v is the interaction time. In the interaction
picture, U(T, 0) = T exp[ 1i ∫ T0 dtHI(t)] is the unitary
evolution operator governing the dynamics of the sys-
tem; it satisfies the properties U(T, 0)U†(T, 0) = 1 with
U†(T, 0) = U(0, T ) so that at time T , the joint atom-
entangled state is |ψ(T )〉 = U(0, T )|ψ(0)〉. Expanding
the time ordered exponential perturbatively, we obtain
U(0, T )=1−i
∫ T
0
dt1HI(t1)︸ ︷︷ ︸
U(1)
−
∫ T
0
dt1
∫ t1
0
dt2HI(t1)HI(t2)︸ ︷︷ ︸
U(2)
+ . . .
So that |ψn(T )〉 = U (n)|ψ(0)〉. We assume that the
qubits do not interact with each other but that the field
undergoes an interaction with both, leaving us with an
interaction Hamiltonian of the form
HˆI = λpµˆp(t)φˆ[xp(t)] + λqµˆq(t)φˆ[xq(t)] (4)
where each term in (4) is known as an Unruh de-Witt
Hamiltonian [22]. The terms on the right hand side of
(4) correspond to the probe-field and qubit-field inter-
actions, with respective coupling strengths λp and λq.
µp(t) and µq(t) are the monopole moments of the probe
and qubit respectively. We model our field system as a
massless scalar field φ[x(t)], where x(t) = vt describes
the atomic trajectory through the cavity. For simplicity,
we assume that the qubit entangled to a field state is at a
fixed position x0 in the cavity. For the detector’s motion
through the cavity, we consider Dirichlet boundary con-
ditions (so that φ[0, t] = φ[L, t] = 0). In the interaction
picture
φ[xp(t)] =
∞∑
δ=1
(a†δe
iωδt + aδe
−iωδt)
sin[kδxp(t)]√
kδL
for the probe moving on a trajectory xp(t), whereas
φ[xq(t)] =
∞∑
δ=1
(a†δe
iωδt + aδe
−iωδt)
sin[kδx0]√
kδL
for the cavity qubit, and
µj(t) = |ej〉〈gj |e−iΩjt + |gj〉〈ej |eiΩjt, j = p, q
where Ωp and Ωq are the respective probe and qubit fre-
quencies. Here a†κ, aκ are the field creation and anni-
hilation operators respectively obeying the commutation
relation [aκ, a
†
λ] = δκ,λ. Since coherent states are eigen-
states of the annihilation operator, the following relations
aˆδ|αδ〉 = αδ|αδ〉 〈αδ|a†δ = 〈αδ|α∗δ
are valid.
The mode invisibility technique assumes a resonant in-
teraction between probe and cavity field, so that Ωp =
ωκ. We further assume that the qubit’s transition fre-
quency is set off-resonance relative to the cavity mode
frequency; in other words Ωq 6= ωκ with detuning δ =
ωκ − Ωq.
A. Measurement Criteria
Having presented our interaction model, we are now
ready to describe the system’s dynamics. An external
force applied to two systems in an entangled state will in
general modify the entanglement. As our goal is to non-
destructively probe the entangled qubit-field system, we
wish to minimize (ideally eliminate) this effect. This is
the thrust of the mode invisibility technique [19, 20]: it
is designed to ensure that a system undergoes an inter-
action with an external force in a non-destructive way.
The measurement criteria for the mode invisibility
technique are
1. The probabilities must be approximately unity [28]∣∣〈ψ(0)|U(0, T )|ψ(0)〉∣∣2 ' 1, (5)
which means that the probability of transition of
the probe into an excited state from its initial
ground state is approximately zero.
2. Provided that the criteria (5) is valid, the final state
of the combined system (probe-entangled state) af-
ter the interaction time T is approximately given
by its initial state multiplied by a phase factor η.
Mathematically, this implies
|ψ(T )〉 = U(0, T )|ψ(0)〉 ' eiη|ψ(0)〉+ |ψ⊥(T )〉 (6)
4where 〈ψ(0)|ψ⊥(T )〉 = 0 and so
η = −i ln
[
〈ψ(0)|U(0, T )|ψ(0)〉
]
(7)
is the phase we wish to calculate. In general η has both
real and imaginary parts, η = <(η) + i=(η). Normaliza-
tion implies that
1 = 〈ψ(T )|ψ(T )〉 = e−2=(η)(T ) + 〈ψ⊥(T )|ψ⊥(T )〉 (8)
and as time increases eventually the final state be-
comes ψ⊥(T ). The efficaciousness of the mode-invisibility
method is in ensuring that =(η(T )) << 1 for the time
the probe is in the cavity.
We work perturbatively in the coupling strengths
(λp, λq) and extend our calculation of the evolution op-
erator U(0, T ) to second order. The phase factor η in
equation (7) has information about the entangled state
(3). Our task therefore is to find a way to measure this
phase value provided that the criteria (5) and (6) are
satisfied.
B. Transition Probability
We consider now the effect of the interaction between
the probe and the entangled state. The probe is initially
in the state |gp〉 with constant speed v. We calculate
the probability that it gets excited after the interaction
time T = L/v. If the entangled state is not perturbed,
we expect that this excitation transition probability is
approximately zero. x
To compute this probability, we note that the evolution
of the system is, to second order in the coupling constant,
given by
ρ(t) = ρ+ U (1)ρ+ ρU (1)† + U (2)ρ+ ρU (2)† + U (1)ρU (1)†
(9)
where ρ(0) is the initial density operator for the com-
bined state (3) and U (1), U (2) are the first and second or-
der contributions in (λp, λq) to the unitary operator. By
tracing over the entangled state (ES), the only term con-
tributing to the excitation probability is U (1)ρ(0)U (1)†
so that after the interaction time t > 0, the transition
probability of exciting this detector is
P|ep〉 = 〈ep|TrES
[
U (1)ρ(0)U (1)†
]
|ep〉 (10)
P|ep〉 depends on rotating wave terms and counter rotat-
ing wave terms coming from the Hamiltonian (4), with
the rotating wave term yielding a higher contribution.
To ensure that we eliminate the order-λp contribution to
the excitation transition probability (10), we apply the
mode-invisibility technique, obtaining the expression
P|ep〉 = λ
2
p
[
(|A|2|α|2 + |B|2|β|2)|X+,κ|2 +
∑
γ
|X+,γ |2
]
(11)
for the excitation transition probability P|ep〉, where the
quantity X+,κ is defined in eq. (13) below and X−,κ
vanishes [19, 20].
Before proceeding, we note that the information gained
from this approach is information about the initial state
of the system. Indeed, the qubit-cavity system evolves
with time. Provided P|ep〉  1 in (11), the evolution
of the system is not disturbed by the probe. Given the
Hamiltonian for the system, the information gained from
mode invisibility about the initial state is sufficient to
reconstruct the evolution of the system at any subsequent
time.
Furthermore, although we shall ensure that P|ep〉  1
for all of our parameter choices, we shall find that the
phase η in (7) is not small. We proceed to compute η in
the next subsection.
C. Estimating the phase imprint of the probe
We now compute the phase acquired by the atom after
its interaction time T with the cavity mode. From equa-
tion (7), this is given to leading order in both couplings
as
η = −i ln
[
η0 + η1 + η2
]
= −i ln
[
1 + 〈ψ(0)|U (1)|ψ(0)〉+ 〈ψ(0)|U (2)|ψ(0)〉
]
(12)
where ln is natural logarithm, U (1) and U2 are the first
and second order contributions to the evolution operator
U(0, T ). For convenience (and future use) we define
I±,κ ≡
∫ T
0
dt ei(±Ωq+ωκ)t
sin[kκx0]√
κpi
X±,κ =
∫ T
0
dt ei(±Ωp+ωκ)t
sin[kκvt]√
κpi
(13)
I±,κ ◦ I±,δ ≡
∫ T
0
dt2 e
i(±Ωq+ωκ)t2
∫ t2
0
dt1 e
i(±Ωq+ωδ)t1 sin[kκx0] sin[kδx0]√
κpi
√
δpi
(14)
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FIG. 2. (Color online): The phase factor ∆γ (defined in (20)) as a function of |α| for θ = pi/2 and φ = −pi/2. Here, the
qubit-field system is maximally entangled with A = B = 1/
√
2. Different lines show different values of |β|: |β| = 1(green
dotdashed Line), |β| = 10 (red dotted line), |β| = 15 (Cyan dashed line), |β| = 300(blue solid line). Inset shows this relation
for a small range of |α| parameter. We compared different ratios of λq = rλp: (a) r = 5, (b) r = 1, and (c) r = 10−2 and take
v = 103m/s, x0 = L/4 where L ≈ 0.019m.
X±,κ ◦X±,δ ≡
∫ T
0
dt2 e
i(±Ωp+ωκ)t2 sin[kκvt2]√
δpi
∫ t2
0
dt1 e
i(±Ωp+ωδ)t1 sin[kδvt1]√
δpi
. (15)
We obtain
η1 = − 2iλq√
kκL
(
Re
[(
I∗+κβ + I−κα
∗)〈α|β〉A∗B]) (16)
to first order in λq.
In general η1 6= 0. It is purely imaginary and so must
remain small to ensure that the contribution of ψ⊥(T ) in
(8) remains negligible. There are several ways of doing
this. One is to ensure that the qubit sits at a node so
that sin[kκx0] = 0. This will cause all I±,κ integrals to
vanish, and the results will be the same as those obtained
for B = 0 [20]. Another is to fine-tune the speed of the
probe (i.e. v/c) relative to the qubit phase so that I±,κ
vanishes but I±,κ ◦ I∗±,κ will not. A third approach is to
choose the relative phase of the coherent states so that
〈β|α〉 = e− 12 (|β|2+|α|2−2β∗α) = e− 12 (|β|+|α|)2 . Our choice
of phase ensures this relation. The maximal value of
this quantity is less than unity, and over the range of
parameters we choose we find that =(η) ≤ 10−5 for all
|β| and |α|; for most of this range it is many orders of
magnitude smaller than this.
Since η1 does not depend on any parameters of the
probe, we require η2 in order for the probe to be a useful
diagnostic of the generalized CAT state. We obtain
η2 = −λ2q
(
I∗−κ ◦ I−,κB2|β|2 + I−,κ ◦ I∗−,κA2|α|2 + I+κ ◦ I∗+,κB2|β|2 + I∗+,κ ◦ I+,κA2|α|2 + I−,κ ◦ I+,κ(α∗)2A2+
I∗−,κ ◦ I∗+,κB2β2 + I+,κ ◦ I−,κB2(β∗)2 + I∗+,κ ◦ I∗−,κA2α2 +
∑
δ
A2I∗+,δ ◦ I+,δ +
∑
δ
B2I∗−,δ ◦ I−,δ
)
− (17)
λ2p
(
X∗+κ ◦X+,κ
(
A2|α|2 +B2|β|2)+X−,κX+,κ((α)∗A2 + (β∗)2B2)+X∗+,κX∗−,κ(α2A2 + β2B2)+∑
δ
X∗+,δ ◦X+,δ
)
Note that for a maximally entangled stateA = B = 1/
√
2
the terms on the first line above vanish for |β| = |α|.
IV. MEASUREMENT PROCESS
In section III C, we calculated the phase γ = <[η] im-
parted on the probe after an interaction time T . Since
γ is a global phase, the only way to measure it is via
an interferometric setup [19, 20]. For this setup, a refer-
ence state is required which is contingent to the purpose
of the experiment. For simplicity, suppose we have the
vacuum state |0〉 in the reference cavity so that the joint
initial state for this cavity is |gp〉⊗|0〉 where the state |gp〉
is the state of the detector. In this cavity, the detector
acquires a phase ηR when it interacts with the vacuum
state. After an interaction time T the atomic interfero-
metric phase difference is observed to be
∆η = η − ηR (18)
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FIG. 3. (Color online): The phase factor ∆γ (defined in (20)) measured in Eq. (7) as a function of x0– the qubit’s position
in the cavity. Each graph plots different values of |α| = |β| : (a) |α| = |β| = 10, (b) |α| = |β| = 1 and (c) |α| = |β| = 0.3.
The different lines within each graph illustrate different values of A,B : A = 1/2, B =
√
3/2 (red Line), A = 1/
√
2, B = 1/
√
2
(green line), A = 1, B = 0 (cyan line), A = 0, B = 1(blue line). Here we considered λq = 3λp.
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FIG. 4. (Color online): Population inversion (Green dotdashed line), dipole current (blue solid line) and dipole moment
(red dotted line) as a function of interferometric phase difference ∆γ for different field amplitudes: (a) |α| = |β| = 10, (b)
|α| = |β| = 1 (c) |α| = |β| = 0.1 respectively. Here we considered the ratio λq = λp. With the normalization condition in mind
A2 +B2 = 1, we start with A = 0, B = 1 and gradually increase A up to 1.
Typically speaking, ∆η is a measurable quantity and it
reveals information about the unknown field state. Fol-
lowing the procedure in section III C we can obtain an
expression for ηR
ηR = −i ln[1− λ2p
∑
δ
X+,δX
∗
+,δ] (19)
which depends only on the vacuum terms. Therefore the
interferometric phase difference on the probe after the
interaction time with the entangled state is
∆γ = <[∆η] (20)
In the following sections we will investigate the be-
haviour of the entangled state by carefully studying
the relative phase factor (20) within the coupling range
10−2 ≤ λq/λp ≤ 5.
A. Measurement of amplitude of the cavity field
In figure 2, we plot the phase ∆γ from (20) as a func-
tion of |α| (the amplitude of the coherent state |α〉). We
see that ∆γ monotonically increases from −pi/2 to +pi/2
as |α| increases (see Fig 2), with the asymptotic value
of pi/2 effectively reached once |α| becomes sufficiently
large. For the special case
λq
λp
 1, one would expect
that the probe-field interaction dominates and the en-
tangled state behaves as if it were a coherent state in the
cavity. We indeed find this to be the case when we com-
pare figure 2(c) with the behaviour of a coherent state in
a cavity probed by a qubit as considered in [20]. Note
that ∆γ is most efficacious as a diagnostic for the value
of |α| when λq ≥ λp, as Fig 2(a) and 2(b) demonstrate:
for a broad range of values of |β| a measurement of ∆γ
yields information about the value of |α|. However this
becomes increasingly less so once |β| becomes sufficiently
large; as shown in Fig 2(a), we see that ∆γ is insensitive
to the value of α except near |β| = |α| = 300. In a nar-
row region near |β| = |α| = 300, we observe the sudden
rise of ∆γ to pi/2, after which we lose information about
the state amplitude |α|. This sudden response deviates
slightly to the left as λq = λp (see Fig 2(b)) until we have
a zero response to |α| (Fig 2(c)).
7B. Measurement of the Cavity Qubit’s Position
Here we demonstrate that the mode invisibility tech-
nique can be used to obtain information about the qubit’s
position in a cavity. Recall that we assumed that the
transition frequency of the qubit is detuned from the
cavity field frequency. The probe’s interaction with the
entangled qubit-field system imparts a phase shift ∆γ to
the entangled state. The magnitude of this phase shift
depends also on the qubit’s position x0 relative to the
nodes and antinodes of the cavity modes.
We illustrate the relationship between the interfero-
metric phase difference as a function of qubit’s position
x0 in Fig 3. The phase ∆γ oscillates between maximal
and minimal values that depend on the relative magni-
tude of |α|/|β|. The amplitude of oscillation varies as
the quantum state (2) goes from being one of maximal
entanglement to a product state. In the latter situation,
for large |α| = |β| (Fig 3(a)) the qubit’s position for
A = 0, B = 1 is completely out of phase relative to the
case A = 1, B = 0; with equal but opposite amplitudes
they cancel each other. The maximally entangled case
A = B = 1√
2
has near-zero amplitude.
The qubit’s position (up to a wavelength) can there-
fore be determined from the phase, providing some ad-
vantage for preparing the qubit in an entangled state.
As |α| = |β| decreases in value the distinctions be-
tween the two possible product states become increas-
ingly pronounced. This asymmetry is due to the distinc-
tion between the less rapidly oscillating counter-rotating
(A-coefficient) and more rapidly oscillating rotating (B-
coefficient) vacuum contributions to η2, which dominate
for small |α|, |β|. The increase in phase oscilliation fre-
quency makes it somewhat more difficult to determine
the location of the qubit. The phase symmetry for large
|α|, |β| becomes increasingly less valid, with large changes
in the phase occuring for A = 0, B = 1 corresponding to
small changes for A = 1, B = 0 and vice-versa, as shown
in Fig 3(c).
C. Understanding the qubit’s dynamics
We close this section by exploring what properties of
the state of the cavity qubit can be obtained using the
mode invisibility technique. The reduced density opera-
tor for the qubit is given by tracing over the detector and
cat field variables:
ρq(t) = TrFP
[
ρ(t)
]
=ρgg|g〉〈g|+ ρge|g〉〈e|+ ρeg|e〉〈g|+ ρee|e〉〈e| (21)
where ρgg, ρge, ρeg and ρee are respectively defined in
the appendix with the diagonal elements satisfying ρee+
ρgg = 1 and the off-diagonal elements are in general com-
plex and satisfy ρeg = ρ
∗
ge. Eq. (21) enables us to study
some properties of the qubit.
We define the functions
AI = ρee + ρgg Probability
Az = ρee − ρgg = 〈σz〉 Population inversion
Ax = ρeg + ρge = <{〈σ+〉} Dipole moment
Ay =
1
i
(ρeg − ρge) = ={〈σ+〉} Dipole current
We plot in Fig. 4 these functions against the interfer-
ometric phase difference ∆γ. Starting with B = 1 and
A = 0, as we increase A gradually we see that the inter-
ferometric phase difference increases as the population
inversion decreases. In figure 4(a), we see that for large
values of α, β, we see a zero dependence on Ax and Ay.
However while we increase the values of |α|, |β|, although
a response of Ay is never seen, we see Ax responds at-
taining a maximum at some intermediate positive value
of ∆γ. Within this limitation the phase difference pro-
vides a diagnostic of the cavity qubit’s state.
V. CHARACTERIZING THE ENTANGLEMENT
The previous section demonstrated that an entangled
state of the form (2) can be non-destructively probed
under certain conditions, the probe acquiring a phase
factor (12). This phase is measurable and carries infor-
mation about the entangled state, as discussed in section
IV, where we assumed that we have no knowledge of the
physical features of the composite of the entangled state
however we have knowledge of the degree of entanglement
A and B.
In this section, we consider another possibility for
probing states of the form in Eq. (2): we assume we have
knowledge of the features of the entangled state and we
want to measure the entanglement between the field and
the qubit after the interaction.
Although several entanglement measures exist [9, 11,
29–31], we choose the von Neumann entropy [32] of the
reduced state S(ρq) which is given as
S(pii) =
{
−∑i pii Log pii if pii > 0
0 if pii = 0
(22)
where ρq = ρq(t) = TrFP[ρ(t)] =
∑
i pii|i〉〈i| is the qubit’s
reduced density operator given in (21), with eigenvalues
pij given as
pi±j =
1
2
(
ρgg + ρee ±
√
4ρgeρeg + (ρee − ρgg)2
)
. (23)
Fixing the qubit at x0 = L/4, we consider the values
θ = pi/2, φ = −pi/2. We plot the resultant von Neumann
entropy S(ρq) as a function of ∆γ for three distinct ratios
of the couplings: λq = rλp with r = 10
−2, 5, and 1 in
figures 5, 6 and 7 respectively. We find that ∆γ provides
an excellent measure of the entropy over a broad range of
|α| and |β| for all coupling ratios λqλp explored. However
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FIG. 5. (Color online): von Neumann entropy as a function of ∆γ for different |α|; (a) |α| = 30 (b) |α| = 10 (c) |α| = 1. Here
λq = 10
−2λp. Different curves show different values of |β|: |β| = 1 (green dotdashed line), |β| = 10 (red dotted line), |β| = 15
(cyan dashed line), |β| = 30 (blue solid line).
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FIG. 6. (Color online): von Neumann entropy as a function of ∆γ for different |α|; (a) |α| = 30 (b) |α| = 10 (c) |α| = 1. Here
λq = 5λp. Different curves reveal different values of |β|: |β| = 1 (green dotdashed line), |β| = 10 (red dotted line), |β| = 15
(cyan dashed line), |β| = 30 (blue solid line).
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FIG. 7. (Color online) : von Neumann entropy as a function of ∆γ for different |α|; (a) |α| = 30 (b) |α| = 10 (c) |α| = 1. Here
λq = λp. Different curves reveal different values of |β|: |β| = 1 (green dotdashed line), |β| = 10 (red dotted line), |β| = 15
(cyan dashed line), |β| = 30 (blue solid line).
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FIG. 8. (Color online): The phase resolution Rδα(α) as a function of |α| for different ratios λq = rλp, (a) r = 5, (b) r = 1
and (c) r = 10−2. In this case, the qubit is fixed at x0 = L/4 and we use the values θ = pi/2,φ = −pi/2, |β| = 20 and different
values of δα: δα = 1 (green dotdashed line), δα = 2 (red dotted line),δα = 3 (cyan dashed line), δα = 4 (blue solid line).
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FIG. 9. (Color online):Visibility Exp[=[η]] as a function of |α| . The qubit is fixed at x0 = L/4 and we use the values
θ = pi/2,φ = −pi/2 and different values of |β|: |β| = 1 (green dotdashed line),|β| = 10 (red dotted line), |β| = 15 (cyan dashed
line),|β| = 300 (blue solid line). We see a peak for the case λq = 5λp. This occurs at point |α| = |β|. This peak gradually shifts
from this position as λq becomes smaller compared to λp until it dies out.
for small λq/λp, the range of ∆γ becomes increasingly
narrow as |α|/|β| → 1, becoming very sharply peaked in
this limit.
We find that the maxima of S(ρq) are less than unity
for small values of |α|, |β| ≤ 1. Setting |α| = |β|, we find
that these maxima approach unity as |α| → 1 (see the
green curves in Fig 5c, 6c and 7c), with little change for
larger values of |α|. Alternatively if we fix |α|, the max-
ima increase with increasing |β| until attaining S(ρq) = 1
(within our limits of numerical precision) after which
they gradually decrease.
In summary, the von Neumann entropy for the reduced
qubit state (which is equal to the von Neumann entropy
for the cavity cat state) increases with an increase in the
cavity cat amplitudes |α| and |β|. This provides us with a
tool for measuring the entropy of a quantum system after
interaction, a question of common interest [32]. Since
the mode invisibility process does not significantly affect
the entanglement between the cavity qubit and the field,
we infer that ∆γ is providing a measure of the constant
entropy between them.
VI. PHASE RESOLUTION AND
INTERFEROMETRIC VISIBILITY
For any given setting, the atom interferometer can re-
solve the values of the parameters only to a certain level
of precision. The phase resolution of the interferometric
setting is
Rδα(α) = |γα+δα − γα| (24)
and by fixing a value for |β|, Eq. (24) defines our ability
to distinguish the phase acquired by the state having
amplitude |α + δα| from another of amplitude |α|. We
illustrate in figure 8 the phase resolution for a fixed value
of |β| = 20. We see that the phase discrimination is
quite good, provided |α| is not too large, with the best
discrimination over the broadest range of |α| occurring
for λq = λp.
We next consider the visibility of the interferometric
fringes. As discussed in section III A, η is a complex
number due to contributions from terms orthogonal to
our initial chosen quantum state. This yields an observ-
able loss in the visibility, where
|〈Ψ(T )|Ψ(0)〉|2 = exp[−2=[η]] (25)
defines the visibility, with |Ψ(T )〉 the final quantum
state at time T . This provides a measure of how non-
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destructive the probe is. We present in figure 9 the vis-
ibility factor as a function of |α| for different regimes of
λq and λp.
For small values of |β| visibility remains largest over
the broadest range of |α| for λq = λp; |α| < 100 yields
non-destructive measurement capacity for the probe at
better than 99%. There is not much decline in visibil-
ity over the same range of |α| as λq decreases. However
as λq increases, visibility gets notably weaker over in-
creasingly small ranges of |α|. However we also see an
interesting trend as |β| increases: for a given value of |β|
visibility peaks, with the location of the peak occurring
approximately at |α| = |β|. At this point, we say the two
coherent states |α〉, |β〉 coincide.
VII. CONCLUSION
We have demonstrated the utility of the mode-
invisibility measurement technique [19] for non-
destructively probing an entangled generalized qubit/cat
state in a cavity mode. For realistic physical parameters,
and provided that the amplitude of the cavity field is
not too large, the technique works very well, especially
in the regime where λq ≈ λp. However it breaks down
once |α| is sufficiently large, which is where ∆γ reaches
its asymptotic value of pi/2. This is confirmed by means
of the visibility, where we get up to 99% non-demolition
probe of the state for values of |α| close to |β|. In
regimes where the mode-invisibility technique works,
the phase resolution is generally very good. We also
investigated the dynamics of the qubit state and the
von Neumann entropy of the combined system. Using
the interferometric measurement setup [19], one could
in principle be able to non destructively probe the
entanglement of systems like (2).
We close by noting that the suppression of η1 is sen-
sitive to the relative choice of phase θ = −φ for the co-
herent states. By departing from these values In fact it
is possible to modify our scheme to probe (θ, φ) (up to
an overall phase) for all possible values of v, as we shall
demonstrate in future work. It likewise should be pos-
sible to explore the resonant regime ωκ − Ωq = 0 where
again η1 is not suppressed. This induces an interaction
between the qubit and probe, and so an extra term de-
scribing the probe-qubit interaction should be introduced
in the interaction Hamiltonian (4) to account for this.
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Appendix A: The Reduced Qubit State
The density matrix for the reduced qubit state is defined by tracing out the cat field and detector variables:
ρq(t) = TrFP
[
ρ(0) + U (1)ρ+ ρU (1)† + U (2)ρ+ ρU (2)† + U (1)ρU (1)†
]
=ρgg|g〉〈g|+ ρge|g〉〈e|+ ρeg|e〉〈g|+ ρee|e〉〈e|
Denoting
{I+,κ, I∗−,κ} = I+,κ ◦ I∗−,κ + I∗−,κ ◦ I+,κ
and similarly for other circle products (defined in (14)), we obtain
ρgg =A
2 −A2λ2q
[
{I∗+,κ, I+,κ}|α|2 + {I∗−,κ, I−,κ}|α|2 + {I−,κ, I+,κ}(α∗)2 + {I∗+,κ, I∗−,κ}(α)2 +
∑
γ
{I∗+,γ , I+,γ}
]
−A2λ2p
(
{X∗+,κ, X+,κ}|α|2 + {X∗−,κ, X−,κ}|α|2 + {X−,κ, X+,κ}(α∗)2 + {X∗+,κ, X∗−,κ}(α)2 +
∑
γ
{X∗+,γ , X+,γ}
)
+ λ2qB
2
[
|I+,κ|2|β|2 + 2 Re[I−,κI+,κ(β∗)2] +
∑
γ
|I−,γ |2 + |I−,κ|2|β|2
]
+ λ2pB
2
[∑
δ
|X+,δ|2 + |X+,κ|2|α|2
]
− iλqAB
(
I∗+,κβ + I−,κα
∗
)
〈α|β〉+ iλqAB
(
I+,κβ
∗ + I∗−,κα
)
〈β|α〉
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ρge =AB〈β|α〉 − λq2AB〈β|α〉
(
{I∗+,κ, I+,κ}αβ∗ + {I∗−,κ, I−,κ}αβ∗ + {I+,κ, I−,κ}(β∗)2 + {I∗+,κ, I∗−,κ}α2
)
− 〈β|α〉AB
(
{X∗+,κ, X+,κ}β∗α+
∑
δ
{X∗+,δ, X+,δ}+ {X∗+,κ, X∗−,κ}α2 + {X−,κ, X∗−,κ}β∗α+ {X−,κ, X+,κ}(β∗)2
]
+[
I∗+,κI
∗
−,κβα
∗ + (I∗+,κ)
2β2 +
∑
γ
I−,γI∗+,γ + I−,κI
∗
+,κα
∗β + (I−,κ)2(α∗)2
]
AB〈ακ|βκ〉+
λ2pAB〈β|α〉
(
|X+,κ|2β∗α+
∑
δ
|X+,δ|2
)
+B2λ2q
[
I∗+κβ + I−,κβ
∗
]
+A2
[
I∗+κα+ I−,κα
∗]
ρeg =AB〈α|β〉 − λq2AB〈α|β〉
(
{I∗+,κ, I+,κ}α∗β + {I∗−,κ, I−,κ}α∗β + {I+,κ, I−,κ}(α∗)2 + {I∗+,κ, I∗−,κ}β2
)
− 〈α|β〉AB
(
{X∗+,κ, X+,κ}βα∗ +
∑
δ
{X∗+,δ, X+,δ}+ {X∗+,κ, X∗−,κ}β2 + {X−,κ, X∗−,κ}βα∗ + {X−,κ, X+,κ}(α∗)2
]
+[
I∗+,κI
∗
−,κβ
∗α+ (I+,κ)2(β∗)2 +
∑
γ
I∗−,γI+,γ + I
∗
−,κI+,καβ
∗ + (I∗−,κ)
2(α)2
]
AB〈βκ|ακ〉+
λ2pAB〈β|α〉
(
|X+,κ|2β∗α+
∑
δ
|X+,δ|2
)
− iA2λq
[
I+κα
∗ + I∗−,κα
]
+ iB2λq
[
I+κβ
∗ + I∗−,κβ
]
ρee =B
2 −B2λ2q
[
{I∗+,κ, I+,κ}|β|2 + {I∗−,κ, I−,κ}|β|2 + {I−,κ, I+,κ}(β∗)2 + {I∗+,κ, I∗−,κ}(β)2 +
∑
γ
{I∗−,γ , I−,γ}
]
B2λ2p
(
{X∗+,κ, X+,κ}|β|2 + {X∗−,κ, X−,κ}|β|2 + {X−,κ, X+,κ}(β∗)2 + {X∗+,κ, X∗−,κ}(β)2 +
∑
γ
{X∗+,γ , X+,γ}
)
+ λ2qA
2
[
|I+,κ|2|α|2 + 2 Re[I−,κI+,κ(α∗)2] +
∑
γ
|I−,γ |2 + |I−,κ|2|α|2
]
+ λ2pB
2
[∑
δ
|X+,δ|2 + |X+,κ|2|α|2
]
− iλqAB
(
I+,κβ
∗ + I∗−,κα
)
〈β|α〉+ iλq
(
I∗+,κβ + I−,κα
∗
)
〈α|β〉
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